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Abstract
An important responsibility of the Environment Protection Au-
thority, Victoria, is to set objectives for levels of environmental con-
taminants. To support the development of environmental objectives
for water quality, a need has been identified to understand the dual
impacts of concentration and duration of a contaminant on biota in
freshwater streams. For suspended solids contamination, information
reported by Newcombe and Jensen [North American Journal of Fish-
eries Management, 16(4):693–727, 1996] study of freshwater fish and
the daily suspended solids data from the United States Geological
Survey stream monitoring network is utilised. The study group was
requested to examine both the utility of the Newcombe and Jensen and
the USA data, as well as the formulation of a procedure for use by the
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Environment Protection Authority Victoria that takes concentration
and duration of harmful episodes into account when assessing water
quality. The extent to which the impact of a toxic event on fish health
could be modelled deterministically was also considered. It was found
that concentration and exposure duration were the main compounding
factors on the severity of effects of suspended solids on freshwater
fish. A protocol for assessing the cumulative effect on fish health and
a simple deterministic model, based on the biology of gill harm and
recovery, was proposed.
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1 The study group’s participants
The colleagues who contributed to the deliberations of the study group were
Simon James, Gang Li, Jia Rong and Gleb Beliakuv from Deakin University
Melbourne; Maarten McKubre–Jordens from the University of Canterbury,
Christchurch, New Zealand; Burzin Bhavnagri from Swinburn University
Melbourne; Mali Abdollahian and Jessica Dunn from the RMIT University
Melbourne; Rob Goudey and Brendan O’Malley from epa Victoria, Melbourne;
Bob Anderssen and Brent Henderson from csiro Mathematics, Informatics
and Statistics, Canberra.
2 Introduction
An important statutory role of the Environment Protection Authority (epa) is
to set objectives that specify environmental quality requirements for protection
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of beneficial uses of the Victorian environment. epa environmental objectives
usually take the form of limiting values for specific environmental pollutants,
and are often set as absolute limits for individual values of a pollutant, or as
a population parameter for the current distribution of the concentration of
the pollutant.
For example, the epa sets objectives to safeguard stream biota from the
effects of particular stream pollutants. For a target contaminant C, using the
available science, a threshold concentration TC is set to define the boundary
between acceptable and unacceptable levels for the contaminant. The goal is
to protect the ecological health of the stream by initiating management actions
when the threshold is exceeded. In order to check whether the situation is
acceptable or unacceptable, it is necessary to compare some representative
estimate of the current concentration RC with TC. The threshold TC may be
specified as an ideal statistical population parameter, such as a median or
an extreme percentile. The concentration RC will then be the corresponding
sample estimate derived from monitoring data. Because of the large number
of Victorian water quality monitoring sites, and the costs of sampling and
analysis, the sampling rate is usually constrained to twelve observations per
year (that is, monthly site visits). Percentiles outside the range of the first
and third quartiles have been found to be very unreliable if based on twelve
observations, and so epa often (depending on context) specifies objectives for
the 75th percentile.
Currently, professional judgement and experience, along with historical in-
formation and published research, is utilized to set the threshold TC, below
which the concentration of the target contaminant is gauged to be acceptable.
2.1 The background
Currently, the setting by epa Victoria of environmental objectives are based
on the effects of exposure concentrations alone. Explicit use of the duration
of the exposure is ignored. However, a low concentration over an extended
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Figure 1: A graphical illustration of the relationship between TC and RC for
‘safe fish health’ situations.
period can be as harmful as a high concentration over a short period. In
addition, it is known that exposure concentrations and durations are jointly
very important for determining the severity of biological effect. There is
general agreement that the severity of the impact on fish health is influenced
by the concentrations of suspended solids and the duration of exposure to
those concentrations [11, 14, e.g.]. Effects of exposure to suspended solids
can include, but are not limited to, behavioural changes, habitat degradation,
reduced growth rates, and changes in fecundity and population densities.
Methods are needed for calculating objectives that more completely use both
pieces of information. In many instances objectives are derived based on
results of studies of biological effects of pollutants on organisms. Such studies
determine the concentrations at which organisms show undesirable effects
given exposure to the pollutant for a particular duration.
Of particular interest to epa Victoria is the study by Newcombe and Jensen [10]
which provides a promising method for determining suitable threshold ob-
jectives TC. Newcombe and Jensen [10], motivated by the data collection
and dose-response work of Macdonald and Newcombe [8] and Newcombe [9],
sought to assess the effect of suspended sediment on particular fish groups
categorised by taxonomic group, natural history and life history phase. The
effect was measured according to a scale of severity (sev), which scores the ill
effects of suspended sediments on fish on a scale from 0–14 and encompasses
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four subcategories: nil effects, behavioural effects, sublethal effects, and lethal
effects. This scale is mentioned in conjunction with and widely employed
as a method for setting water quality objectives and exploring management
scenarios [13, 16, 19, e.g.].
However, no known analysis of the scale of severity (sev) exists. An approach
to performing such an analysis is discussed and applied in Section 3.
2.2 The available information
The study group was provided with background information in order to
investigate methods for deriving environmental objectives for limiting the
harm to freshwater fish. The study group’s investigation comprised a general
proof of concept study based on the motivation of the Victorian epa and the
North American data. The specific information provided was the following.
1. Data published by Newcombe and Jensen [10] which summarised the
biological effects of clean (no attached or independent toxins) suspended
solids on freshwater fish from 80 laboratory studies. Included was
Newcombe and Jensen’s severity of effects scale (sev) and regression
equations relating sev to the logarithms of exposure concentrations
and durations.
2. Daily time series data of suspended solids concentrations in freshwater
streams extracted from the United States Geological Survey (usgs)
website. For the proof of concept presented in this article, we focus
solely on data from the Sacramento at Freeport.
2.3 The focus for the study group’s deliberations
In order to improve the associated decision making when setting water
quality objectives, epa Victoria asked the study group to explore whether
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the information in the Newcombe and Jensen [10] data can contribute to and
enhance this process. In addition, because the Newcombe and Jensen model
was purely phenomenological (that is, a linear fit to log concentration and log
duration) epa Victoria requested consideration be given to the formulation
of a model which took the appropriate fish biology into account.
In order to answer these questions, the following matters became the focus
for investigation by the members of the study group.
1. Using modern dimension reduction and categorizaton tools, re-examine
Newcombe and Jensen’s conclusions about the structure of the informa-
tion content in their data, and in particular whether the data partition
naturally into two separate categories of ‘sublethal’ and ‘lethal’ effects.
2. Examine the relevance and appropriateness of the Newcombe and Jensen
model of “the impact of contamination on the survival of fish”, and, in
particular, the appropriateness of the ‘Severity Index’ (sev) characteri-
zation of the impact, and how a time series of a contaminant might be
assessed against both concentration and duration thresholds.
3. Model the impact of contamination on the gills of fish as a cumulative
process, and explore the extent to which such a model represents a
biological basis for improving on the Newcombe and Jensen model.
Other related matters were discussed informally, such as possible roles for
survival analysis, multivariate statistical methodology, and data mining, which
did not subsequently become major focusses of the deliberations.
2.4 The unifying thread
The analysis of the Newcombe and Jensen [10] data and the associated
modelling of fish health, performed by the study group’s participants, involved
the following coordinated sequence of investigations.
(i). The application of dimension reduction, self-organizing mapping (som)
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and clustering protocols to explore for structure in the data and review
the Newcombe and Jensen categorization into ‘sublethal’ and ‘lethal’.
This is the focus of the discussion in Section 3. It established that a
slightly modified categorization is more appropriate than that suggested
by Newcombe and Jensen.
(ii). A statistical analysis of the data to formalize a measure of the risk
to fish health using the new categorization coming from (i). This is
the focus of Section 4. The analysis and proposed measure of the risk
were used to derive a protocol for predicting the level of risk for various
concentration and duration scenarios.
(iii). Modelling the accumulation of fish gill damage using ordinary differential
equations to obtain an estimate for fish survival. This is the focus of
Section 5. It established that, by assuming that the decreasing gill area
was inversely proportional to severity, lifetime can be defined in terms
of the time it takes for the gill area to decrease to a critical threshold.
(iv). The interrelationship between the results coming from (ii) and (iii)
was utilized as validation for the separate results coming from the
investigation. This is the focus of Section 6.
Each step gave new insight into the analysis and interpretation of the data.
Together, they yielded a new classification for lethal, a statistical protocol
for estimating the risk to fish health, an interpretation of the Newcombe and
Jensen data from a mathematical modelling of gill damage perspective, and
an overall validation of the interconnectedness of the separate investigations.
2.5 The organization of the article
This article reports on the conclusions resulting from an investigation of the
above matters. It has been organized in the following manner. Items (i)
and (ii) above are examined in Sections 3 and 4, where the goal was to
explore whether there is information and structure in the Newcombe and
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Jensen data yet to be identified and exploited. This includes an examination
in Section 4 of the joint utilization of the concentration and duration data
of Newcombe and Jensen in conjunction with the usgs sedimentation data
to predict the risk to fish health. Item (iii) is examined in Section 5 using
ordinary differential equation modelling of the harm to the gills. The results
of these deliberations are brought together in Section 6 where it is shown
that the ordinary differential equation modelling of (iii) yields validation for
the protocol.
Several authors have quantified the effects of suspended solids on gill structure
and function [1, 4], but mathematical models of how suspended sediment
effect gill area have not been formulated and analysed. A simple model is
proposed and analysed in Section 5.
3 Data segmentation, self-organizing
mapping and classification
In this section, the Newcombe and Jensen [10] categorization into ‘sublethal’
and ‘lethal’ is reassessed using a combination of data segmentation, self-
organizing mapping, clustering and classification to highlight the dominant
structures in the data.
3.1 Background
In diverse areas including business management and food classification, seg-
mentation refers to the process of identifying similar groups such as people [15]
or products [3], where the groups are fairly homogeneous with respect to some
specified objective. The value of performing segmentation analysis includes
ascertaining appropriate groups for specific future analysis with respect to the
application under consideration, or at least gaining an understanding about
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how to differentiate between the groups. The need for in-depth knowledge of
segments remains an essential element of understanding the characteristics
of any collected data set. Various techniques have been used to perform
segmentation, ranging from elementary percentiles to multivariate analysis
methods such as clustering analysis, factor analysis and principle component
analysis. From a methodological point of view, clustering algorithms, based
on Ward’s hierarchical clustering [17], are being utilized to identify groups in
quite novel situations including travelers with similar profiles [18].
When the number of variables involved is large, a dimension reduction tech-
nique such as principal component analysis (pca) or factor analysis may be
used to reduce the dimensionality to a manageable size before applying a
clustering algorithm. The goal, in part, in performing the dimension reduction,
is to obtain an ‘independent’ set of representative variables to reduce the
possibility of bias in the original data due to cross-correlations.
Recently, more salient segmentation methods have been based on Kohonen’s
Self-Organizing Map (som) procedure, which maps an n-dimensional input
space to a lower dimensional region while maintaining the basic original
topological structure in terms of the chosen similarity measure. In the various
implementations of the som procedure, the data items that were close in the
higher dimensional input space remain close in the reduced lower dimensional
map. The two dimensional graphical representations, generated by applying a
dimensional reduction followed by an appropriate implementation of Ward’s
methodology [17], provide easy-to-understand maps and helps the decision
makers visualize the dominant connections between the various inputs. These
strengths make the som an appropriate technique for not only identifying
the key interconnection in a wide variety of applications such as international
travel, but also in the survival dependence of fish on the concentration and
duration of a toxic episode.
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3.2 Self-organizing mapping: data segmentation and
clustering
The clustering phase of the som is performed on the two dimensional data.
Its role is the segmentation of the data into similarity groups. Software is
available for the application of Ward’s procedure [17].
The clustering results generated by som for the Newcombe and Jensen [10]
data are shown in Figure 2. In this situation, the input data, being just
the ‘duration’ and ‘concentration’ values, was two dimensional. Using the
algorithmic procedure outlined above with the Euclidean distance as the
measure of similarity, a partitioning into seven clusters was generated, as
shown in Figure 2(a). The relevance and appropriateness of the clustering
is validated by plotting, for each vector vi using an appropriate colour scale,
the value of some appropriate defining property. The resulting colour plots
for ln(duration) and ln(concentration), with blue and red corresponding to
the minimum and maximum values, are shown in Figure 2(b) and Figure 2(c).
Not unexpectedly, they show that the clustering of Figure 2 performs a
clear partitioning of both ln(duration) and ln(concentration), which thereby
validates its appropriateness. Furthermore, as highlighted in Figure 2(b), the
property controlling the clustering in Figure 2 most strongly is duration. The
dominant importance of duration is further validated in the deliberations
below in the statistical analysis of the Newcombe and Jensen data and in the
modelling of fish health in terms of proportional gill area compromised. This
is consistent with intuition in that a small concentration over an extended
period can be as lethal (or more) as a high concentration over a short period.
The corresponding plot for the sev categories is given in Figure 2(d). Its
patchwork colour pattern highlights explicitly that sev depends on the
combined effect of concentration and duration in a more variable manner.
Nevertheless, the pattern in Figure 2(d) is consistent with the combined
patterns in Figure 2(b) and Figure 2(c) in that the strong duration clusters in
Figure 2(b) are combined with the strong concentration clusters Figure 2(c),
whereas the clusters of weak duration and weak concentration are less affected.
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(a) Clusters (b) ln(D)
(c) ln(C) (d) sev
Figure 2: The duration-concentration clustering: (a) the basic clustering;
overplotting of (b) ln(D), (c) ln(C), (d) sev.
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Table 1: Clusters and their profiles.
Segment Features
Cluster 1 Long duration, Normal concentration, High sev
Cluster 2 Long duration, Low concentration, High sev
Cluster 3 Normal duration, Low concentration, Low sev
Cluster 4 Normal duration, Normal concentration, High sev
Cluster 5 Normal duration, High concentration, High sev
Cluster 6 Short/Normal duration, High concentration, High sev
Cluster 7 Short duration, Low Concentration, Low sev
Essentially, fish will have a high sev categorization when either duration
or concentration is high. A combination of normal duration and normal
concentration can also give a high sev categorization, whereas sev is low
when a short duration is applied even if the concentration level is reasonably
high.
In addition, each cluster in Figure 2 has its own distinguished profile, the
details of which are summarized in Table 1. For example, the fish in Cluster 1
and Cluster 2 contain most of the fish data records with the longer duration;
the fish in Cluster 6 were subjected to the highest concentration; Cluster 3
and Cluster 7 group the records with both lowest concentration and shortest
duration; Cluster 4 and Cluster 5 summarize the normal situations.
3.3 Assessing the sublethal and lethal categorization
The sev categorization proposed by Newcombe and Jensen [10] was assessed
by comparing it to an alternative classification or clustering approach based on
k-Nearest Neighbours (k-nn) protocol [2] for which software is readily available
(for example, weka [7]). Using the weka software, a k-nn classification
for the Newcombe and Jensen data was performed. The resulting confusion
matrix is given in Figure 3. It records the number of times that the k-nn
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Figure 3: The confusion matrix corresponding to the Newcombe and
Jensen [10] sev categorization when compared with a k-nn categorization.
classification agrees with the Newcombe and Jensen sev (which corresponds
to the diagonal elements in the confusion matrix) and the number of time that
the k-nn classification gives some other classification which does not agree
with the sev (which corresponds to the off-diagonal elements in the confusion
matrix). As shown in Figure 3, the confusion matrix generates a different
‘sublethal’ and ‘lethal’ classification with the separation being sev greater
than or equal to eight, compared with seven as proposed by Newcombe and
Jensen.
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Because of the clear partitioning between ‘sublethal’ and ‘lethal’, highlighted
in Figure 3, the subsequent analysis was based on setting sev = 8 to be the
threshold between ‘sublethal’ and ‘lethal’.
4 Statistical analysis of the data and risk
assessment protocol
A statistical analysis of the data was used to formalize a measure of the risk
to fish health using the new (sublethal, lethal) categorization coming from the
dimension reduction and som analysis. The resulting analysis and proposed
measure of the risk were used to derive a protocol for predicting the level of
risk for various concentration and duration scenarios.
4.1 Background
The severity index response was modelled within a regression framework
(generalized additive models), using bivariate tensor splines to allow flexibility
in the response surface. This model creates a smoother representation of
the severity response and facilitates the interpretation. The response is
examined for different fish groups and categorical assessments of health
(lethal, sublethal). A key focus is on determining which combinations of
concentration and duration are harmful to fish. This amounts to estimating
a threshold in the concentration and duration space. Graphically this is
represented as a line or curve on the response surface, above which there are
substantial risks to health, and below which it is likely that there are no long
lasting effects.
A form of statistical discriminant analysis determines the threshold that
divides these two groups. The estimation of a concentration and duration
threshold extends the current thresholds based solely on concentrations cur-
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rently used by epa Victoria and many other agencies focussed on water quality
and ecosystem health within Australia and internationally. It also extends
the response surface used by Newcombe and Jensen [10] from a plane to a
more flexible bivariate spline surface that recognises the 0–14 severity score
is not a linear scale.
4.2 The statistical analysis and definition of risk
4.2.1 The severity score data
The full set of severity scores of Newcombe and Jensen [10] for a large number
of fish circumstances, as a function of contamination concentration and
duration, is plotted in Figure 4. It shows that, for the variety of circumstances
investigated, there is a clear increase in severity as each of duration and
concentration is increased, with increased duration having the dominant
effect. This increase is consistent with the findings in Section 2 and is utilized
in motivating the deterministic modelling of gill harm in Sections 4 and 5. A
generalized additive model, with bivariate tensor spline basis functions for
concentration and duration, was fitted to this data and is plotted in Figure 5,
the structure of which clearly highlights the critical role of duration.
The new categorization of ‘sublethal’ and ‘lethal’, with the threshold set at
sev = 8 is used in the subsequent analysis. From Figure 6, which plots the
‘sublethal’ and ‘lethal’ groups with separate plotting characters, it is clear
that a small number of sublethal realizations are scattered within the lethal
realizations. They correspond to measurements made on juvenile and adult
fish and must correspond to quite healthy specimens. A generalized additive
model consisting of a quadratic polynomial plus interaction terms in (natural
log) concentration and duration was fitted and is plotted in Figure 6. This
corresponds to a logistic regression given the binary response. The polynomial
terms are less flexible than the tensor spline but we believe that the smoother
structure captures the significant features of the data. Not unexpectedly,
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Figure 4: The severity score of Newcombe and Jensen [10] as a function of
(natural) log concentration and log duration.
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Figure 5: Predicted severity score from generalized additive model with
bivariate tensor spline for (natural) log concentration and log duration.
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this plot has a similar pattern to its counterpart in Figure 5. The model
explains 46.1% of the deviance and can be viewed as having a reasonable
predictive capacity. The scattering of some of the sub-lethal realizations
among the lethal suggests that strong prediction will be difficult. Other
covariates (for example, considering different fish types or stages) may help
but this scattering may simply reflect natural variability. The risk of a lethal
effect will be defined as the probability given by this model. As illustrated in
Figure 6, the 0.5 probability contour represents an appropriate choice for the
threshold between the sub-lethal and lethal effect of the contamination. Other
choices may be used, particularly if it is more important to get classifications
of one category (that is, lethal or sublethal) right more than the other.
4.3 The fish health risk assessment protocol
A representative example of river contamination that may compromise fish
health is the United States Geological Survey (usgs) time series for daily
suspended sediment concentrations, for the Sacramento River at Freeport
between 1980 and 1988, and is plotted in Figure 7. Figure 8(a) plots the time
series for a single year, 1985, and is a good example of the situation, where,
for a reasonable amount of the time, the daily sediment levels are either
acceptable or, if an unacceptable peak in the concentration occurs, it is of a
short duration. Though the gills of the fish are briefly compromised under
the brief duration situation, they recover quickly. Figure 8(b) highlights the
maximum duration with a concentration of at least 50mg/L.
Consequently, to assess fish health risk, the approach taken here is to consider
the time series for the period of interest and examine maximum run lengths
of concentrations exceeding a specific concentration value over a specific time
period, here, taken to be a year. An illustration is given in Figure 8, where
(a) plots the time series for 1985 and shows the maximum duration with a
concentration at least 50mg/L. A concentration and duration (maximum run
length in days) pair is thereby generated. In this situation, a concentration
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Figure 6: The probability of a lethal effect as determined by a generalized
additive model, consisting of a quadratic polynomial plus interaction terms
in (natural) log concentration and log duration.
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Figure 7: Suspended sediment for the Sacramento River at Freeport, 1980–
1988.
of at least 50mg/L has a maximum duration of nine days in 1985. This can
be repeated for various choices of concentration values to create a set of con-
centration and duration pairs as illustrated in Figure 8(b) for concentrations
ranging between 50 and 250mg/L. It gives a clear illustration of how the du-
rations decrease as the concentrations increase, and how high concentrations
are typically only sustained for short periods of time. To ascertain whether
a specific pair corresponds to a lethal effect, it is considered in relation to
the regression model and compared to the 0.5 probability contour. This is
repeated for all pairs in a year and the maximum risk assessed as illustrated
in Figure 9 where the maximum annual risk to fish health from concentration
and duration is plotted for years 1980 to 1988.
Where the monitoring data is less frequent, a modelled or interpolated con-
centration series could be created first before considering the maximum run
length, and the risk to fish health for that year. This may be important where
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Figure 8: Illustration of maximum run length for total suspended solids greater
than or equal to 50mg/L for Sacramento River at Freeport during 1985.
records are collected weekly or based on event sampling. However, other
challenges are introduced in that the modelling or interpolating must be seen
to fairly represent the concentration peaks and durations.
This protocol is being described as a retrospective assessment where we may
look back over the past year and assess the risk, and then put that in the
context relative to other years to see if there have been changes or emerging
trends in the risk to fish health. This framework also offers the potential to
make an assessment of the risk in real time. If the concentration has been
above some value TC for D days, then we can estimate the risk and decide
whether a management response may be necessary.
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Figure 9: Maximum risk to fish health from joint consideration of concen-
tration and duration for the Sacramento River at Freeport between 1980
and 1988 (natural logs).
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5 Ordinary differential equation modelling
of gill harm
The initial impact of a contaminant on fish health is via the effect that it
has on the gills of a fish. Ordinary differential equation modelling was used
to capture the essence of this process and thereby give a link back to the
Newcombe and Jensen [10] data and the statistical analysis. This is achieved
by assuming that the decreasing gill area is inversely proportional to sev.
5.1 Background
An obvious effect of increased sediment loads is the harmful damage caused to
fish gills. Changes to fish gill structure and function can cause effects which
span the full range of sev. In particular, in a review on the toxic effects on
fish gills, Evans [5] (and citations therein) indicates that solute transportation
interaction with the gill area causes gill malfunctions. Evans [5] suggests that
it is this interaction with the gills that causes other physiological problems
for fish. Consequently, fish health should be modelled on the basis of the
effect of various contaminants on the gill.
Several authors quantified the effects of suspended solids on gill structure and
function [1, 4], but mathematical models of how suspended sediment affect
gill area have not been formulated and analysed. Here, a simple model is
proposed and analysed.
It is known that
1. It is the gills of the fish that are affected by a contaminant when the
concentration of the contamination exceeds a certain threshold TC. This
in turn directly reduces the efficiency of the gills to extract oxygen from
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the water. Over an extended period the fish will develop a variety of
complications which lead to death.
2. After a period where the contaminant has been above the threshold TC,
when the contamination again drops below this threshold, the gills of
the fish recover slowly.
Assumptions
1. Recovery rate is proportional to the area of damaged gill [AG −A(t)]
where A(t) is the functioning area of the gill and AG is the maximum
gill area. This reflects that the biology of an organism responds pro-
portionally to the extent of a health challenge (for example, area of gill
damage). For simplicity, areas of gill are assumed to be either function-
ing and available or non-functioning and unavailable, with harmed gill
eventually returning to their pre-harmed state:
Rate of recovery from abrasion = λr[AG −A(t)]
where λr > 0 is a positive constant.
2. Harm rate is proportional to the rate of random impact of suspended
sediment particles with the functioning gill area. All gill area is exposed
and is equally likely to be impacted, but already harmed gill tissue is
assumed to suffer little additional impact damage:
Rate of harm by abrasion = λhA(t)C(t)
where λh > 0 is a positive constant and C(t) is the concentration of
suspended sediment at time t.
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5.2 Model formulation and analytic solution
The total rate of change of functioning gill area is assumed to be the difference
between the recovery and harm rates:
A′(t) = λr[AG −A(t)] − λhA(t)C(t), A′(t) =
dA(t)
dt
, (1)
which yields the required ordinary differential equation model. A solution
can be obtained by standard algebraic methods:
A(t) =
[
λrAG
∫ t
0
exp
(∫ τ
0
(λr + λhC(ζ))dζ
)
dτ+A(0)
]
× exp
(
−
∫ t
0
(λr + λhC(ζ))dζ
)
. (2)
If C(τ) = C¯, with C¯ a constant, then the analytic solution (2) simplifies to
become
A¯(t) =
[
λrAG
k
{exp(kt) − 1}+A(0)
]
exp(−kt), (3)
where k = λr + λhC¯ .
5.3 The dynamics of the basic model
The steady state solution, corresponding to A′(t) = 0 , is
A∗ =
λrAG
λr + λhC∗
, (4)
where C∗ = C(∞). There are at least two ways in which this result can be
utilized.
1. For an assumed steady state value C∗ for the contaminant, Equation (4)
determines the corresponding steady state value A∗ for the effective gill
area and vice versa.
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2. If, for all t > 0 , it is assumed that C(t) = C¯ , a constant, then
Equation (1) becomes an autonomous system, the stability of which can
be analysed. Its solution A¯(t) is given in Equation (3) and is rearranged
to the form
A¯(t) =
λrAG
k
+
(
A(0) −
λrAG
k
)
exp(−kt), k = λr + λhC¯ , (5)
and thereby yields
A¯∗ = A¯(∞) = λrAG
λr + λhC¯
=
AG
1+ λhC¯/λr
.
This establishes, as expected, the following properties for the steady-
state value A¯∗ for the functioning gill area,
(a) for fixed λr, A¯
∗ decreases as the value of either λh or C¯ increases,
(b) for fixed λh and C¯, the value of A¯
∗ increases as λr increases, and
(c) A¯∗ takes the form of A∗ of Equation (4), since C¯, being constant,
also corresponds to C∗.
For the situation where C(t) = C¯ , Equation (1) is rearranged to give
A¯′(t) = k
(
A¯∗ − A¯(t)
)
= Θ[A(0)] exp(−kt), Θ(ζ) = (λrAG − kζ), (6)
where Θ(ζ) = Θ[A(0)] is a function of the initial state of the fish’s gills
at the time t = 0 when the fish is first subjected to the contamination at
concentration C¯. The sign of
(
A¯∗ − A¯(t)
)
is controlled by the sign of the
initial state Θ[A(0)]. Since ζ = A(0) 6 AG , it follows that
Θ(ζ) = λrAG − kζ = λr (AG − ζ) − λhC¯ζ > −λhC¯AG .
For a healthy fish,
A(0) = AG , Θ(AG) = −λhC¯AG .
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Figure 10: Plot of A(t) against time for several different choices of A(0), with
parameters λr, λh, C¯ fixed.
It therefore follows from Equation (6) that
A¯(0) = A¯∗ + λhC¯AG ,
and hence
A¯∗ − A¯(0) = −λhC¯AG .
Consequently, from Equation (5) and illustrated in Figure 10, with respect to
a constant concentration C¯, the functioning area of the gills of a healthy fish
decays to the steady state value A¯∗ = λrAG/k .
In this model, λr, λh and C¯ determine the rate of decay k in the exponential
term of Equation (6) independent of the initial health of the fish.
There is a sensible threshold A^  AG such that if A(0) 6 A^ then (for
biological reasons) recovery is not possible and the fish dies. This threshold
value is determined by fish biology and will depend on the species; it is
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related to the critical oxygen tension that a fish must maintain to survive.
Assuming C¯ is nonzero, there are two possibilities.
λrAG/k > A^ The level of C¯ is such that the health of the fish’s gills asymp-
totically approaches the value λrAG/k.
λrAG/k < A^ The level of C¯ is such that the health of the fish’s gills is
compromised to the extent that the fish dies in a finite amount of time.
This will occur when the value of C¯ is such that λrAG/k 6 A^ and,
hence, when
C¯ >
λr(AG − A^)
λhA^
. (7)
Equation (7) gives an estimate of what concentration of contaminant causes
the fish to die of gill damage; and may thus be useful for setting safe levels.
For an unhealthy fish (A^ < A(0) < AG), there are three possibilities.
A(0) > λrAG/k The level of C¯ is such that the health of the fish is further
compromised with the functioning area decaying to the value λrAG/k.
This occurs when contamination (C¯) changes from a low concentration
to a higher value.
A(0) = λrAG/k Functioning gill area of the fish remains the same.
A(0) < λrAG/k The level of C¯ is such that the health of the fish partly recov-
ers with the functioning gill area asymptotically approaching λrAG/k.
This is the type of situation which will occur when the contamination
environment changes from a high value of C¯ to a lower value.
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6 Linking the modelling with the laboratory
(bioassay) experiments
In a standard bioassay, an initially healthy fish (with A(0) = AG) is exposed
to suspended sediment at a constant concentration level C# until mortality
occurs, or it is clear that the level of C# is not sufficiently high to cause death.
It follows from Equation (5) that the corresponding solution to (1) becomes
A(t) = A# + (AG −A
#) exp (−(λr + λhC)t) , A
# =
λrAG
λr + λhC#
. (8)
Mortality occurs if the oxygen tension in the gills of a fish falls and stays
below a critical oxygen tension, PC. In particular, Grigg [6, p.1] comments
Below the critical oxygen tension the oxygen transport system is
presumably unable to satisfy the demand of the tissues for oxygen
and oxygen consumption decreases, eventually to a level below
which further oxygen uptake ceases.
In a discussion of allometric scaling for fish gill area in relation to fish mass
and oxygen requirements, Schmidt–Nielsen [12, p.114] concludes
. . . that the surface area of the fish gill is related to the requirements
for oxygen supply and that the surface area is scaled to the body
size with a relationship similar to that for oxygen consumption.
Extensive experimental evidence, which fits with intuition, has established
that, to first order, the oxygen tension that a fish can maintain depends on
the available gill area. It follows from the discussion above (Equation (5))
that, if A^ denotes the gill area at which the oxygen tension equals PC, then
the concentration of the contamination
C^ =
λr(AG − A^)
λhA^
(9)
defines the life-death threshold for fish survival.
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Remark 1. A more comprehensive model would need to take account of the
fact that a fish has the ability to adjust its effective gill area to changing
circumstances.
Consequently, only if C# > C^ will the gill area of the fish be compromised
to the point where death occurs in finite time T# <∞ . For such a C#, this
will occur when
A(T#) = A^ = A# + (AG −A
#) exp
[
−(λr + λhC)T
#
]
. (10)
The assumption that it is only the compromised gill area that is the cause
of death now introduced into the analysis by setting A^ = α^AG into the last
equation, where α^ is a response characteristic of the fish. As a function of T#
and C#,
α^ =
1
AG
{
A# + (AG −A
#) exp
[
−(λr + λhC
#)T#
]}
. (11)
The parameter α^ denotes the proportion of gill area below which a fish is
unable to maintain the critical oxygen tension level at or above PC.
A simple rearrangement, taking account of the form of A# then yields
T# =
−1
λr + λhC#
ln
[
1− (1− α^)
(
1+
λr
λhC#
)]
, (12)
the validity of which holds only if
C# >
(1− α^)
α^
λr
λh
> 0 . (13)
The importance of this constraint and the associated Equations (11) and (12)
is that they highlight the following points.
• At a concentration C# of the contamination, a fish dies only if the
constraint (13) is satisfied as only then is T# finite.
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• On the basis of Equations (12) and (13), it follows that the threshold
concentration between survival and death of Equation (9) becomes
C^ = C^(α^) =
(1− α^)
α^
λr
λh
,
with, for given values of α^, λr and λh, survival corresponding to situations
where C# < C^ . In reality, this threshold is artificial and a more realistic
value would be one where C^ corresponds to an appropriate large finite
time.
• If, for a given C#, the corresponding α^ is measured experimentally, then
estimates for the ratio λr/λh can be obtained using the following upper
bound
λr
λh
<
C#α^
1− α^
.
• If estimates for λr and λh are available, then α^ can be predicted for a
given C#. Biologically, this would allow discussions about the effect of
contamination levels C# to focus on how the gills of the fish are likely
to be compromised.
• The plot in Figure 11 of
C^(α^) = K
(1− α^)
α^
, K = constant,
with C^(0) = ∞ and C^(1) = 0 , has the basic hyperbolic monotone
structure that agrees with the essence of the biology being modelled;
namely,
– at low levels of the concentration of the contaminant, the lifetime
starts from an extremely high value which corresponds to fish
survival,
– at intermediate levels of the concentration, the changeover from
survival to death occurs, with lifetime decreasing with increasing
contamination, and
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Figure 11: A plot of T# as a function of C# for some representative values
of α^ given in the legend.
– at high concentrations, survival, even for a short time, becomes
problematic.
Equation (11), in conjunction with the constraint (13), defines α^ as a function
of T# and C#. Since the reciprocal of α^ represents a measure of ‘severity’,
while lifetime corresponds to Newcombe and Jensen’s concept of ‘duration’, a
comparison can be made between the results generated by the deterministic
model and the severity plots given in Newcombe and Jensen [10]. For scaling
purposes, severity is defined to be 1/(0.1+ α^). For a representative choice
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Figure 12: A plot of severity as a function of T# and C#.
for the values of λr, λh and α^, a plot of severity as a function of T
# and C#
is given in Figure 12. It clearly has a structure which is consistent with the
underlying biology. A plot of severity as a function of ln T# and lnC# is
given in Figure 13. It has a structure which is consistent with the log-log
model proposed and utilized by Newcombe and Jensen [10] in their review and
analysis of experimental fish survival data and with their plots in Figures 7
to 12.
Remark 2. As is clear from Figure 13, the log-log plot for severity has a
planar-like structure not too dissimilar from the plots of Figures 7 to 12
by Newcombe and Jensen [10]. This therefore represents validation for the
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Figure 13: A plot of severity as a function of ln T# and lnC#.
deterministic model (1). Its advantage is that it is a model, although basic, of
the biology whereas the log-log model proposed by Newcombe and Jensen [10]
is to a certain extent an exploitation of the ‘linearizing effect’ of a log-log
plot.
6.1 Discrete time series analysis
Contamination, such as suspended solids in a river, are monitored at discrete
times (for example, daily sampling). It is therefore appropriate to input
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monitoring data and plot trajectories using a difference equation version of
Equation (3). Some basic algebra, exploiting the properties of the exponential
function, yields
A¯(τ+ θ) = A¯(τ) exp(−kθ) +
λrAG
k
[1− exp(−kθ)] , k = λr + λhC¯ , (14)
where τ and τ+θ denote two successive time steps. For an appropriate choice
of parameter values, a representative example of its application is given in
Figure 14 where the concentration data are the discrete black dots and the
curve plots the changing relative effective gill area. It illustrates how a large
concentration reduces the effective gill area of the fish, which recovers as the
concentration drops providing the large concentration was not lethal.
7 Future possibilities
There are various ways in which the above modelling framework can be
utilized.
Survival analysis In the future utilization of the above modelling frame-
work, the possibility exists, once biologically representative values for
the parameters are available, of performing survival analysis studies
for different fish species with respect to various exposure to suspended
solids scenarios.
Given the probability (in the frequentist sense) of survival of a fish as
a function of gill area, the modelling developed here could be utilized
to inform ecological decision-making about the likelihood of species
survival with respect to different scenarios.
An immune response model Even though the modelling of the effect of
contamination on effective gill area has been insightful, it ignores the
more fundamental biology involved. A more appropriate model would
allow for the recovery to be driven by an immune process, with the harm
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calculated as before. Then, Equation (1) generalizes to some coupled
system of ordinary differential equations such as
dG(t)
dt
= λrG(t)E(t) − λhG(t)C(t),
dE(t)
dt
= k[1−G(t)],
where G(t) and E(t) model the proportion of damaged gill area and the
nature of the immune response respectively, λr and λh are the recovery
rate and harm rate, and k is the rate at which the immune response
can act as a function of the remaining effective gill area.
In this more comprehensive model, that G(t) depends on the concen-
tration C(t), in come complex manner related to the biology of the fish,
can be taken into account, since it is known that oxygen tension in the
fish varies with gill area and, hence, depends on C(t).
8 Conclusions
A clustering analysis and a statistical analysis was performed on the Newcombe
and Jensen [10] data. The clustering analysis yielded a new severity threshold
for the sublethal to lethal categorization. Using this new threshold, the
statistical analysis highlighted the dominant role of duration in determining
the risk to fish health. Independent ordinary differential equation modelling
of gill area yielded a connection back to the importance of duration of
contamination.
In this way, it has been established how statistical modelling in conjunction
with basic ordinary differential equation modelling, using representative data
and knowledge about the known biological processes involved with fish health
in contaminated water, has the potential to yield a framework to support
ecological decision making of the type required by epa Victoria.
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